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Abstract. Up to now, the only known examples of homogeneous nontrivial 
Ricci soliton metrics are the so called solsolitons, i.e. certain left invariant 
metrics on simple connected solvable Lie groups. In this paper, we describe 
the moduli space of solsolitons of dimension < 6 up to isomorphism and scaling. 
We start with the already known classification of nilsolitons and, following the 
characterization given by Lauret in [lOJ , we describe the subspace of solsolitons 
associated to a given nilsoliton, as the quotient of a Grassmanian by a finite 
group. 

1. Introduction 

A complete Riemannian metric g on a differentiable manifold M is said to be a 
Ricci soliton if its Ricci tensor satisfies 

(1) R-c(5) = eg + Lx g for some c S R, X £ x{^) complete, 

where Lx denotes the Lie derivative in the direction of the vector field X. Ricci 
soliton metrics came up in the study of the Ricci flow since they are the fixed 
points of the flow up to isometry and scaling. In the homogeneous case, all known 
nontrivial examples (i.e. not the product of an Einstein homogeneous manifold with 
a euclidean space) are isometric to a left-invariant metric (7 on a simply connected 
solvable Lie group G. Moreover, by identifying g with an inner product on the Lie 
algebra g of G, one has 

(2) Ric(.g)=c/ + D forsomecGR, D e Der(0), 

where Ric(g) denotes the Ricci operator of g. These metrics have been deeply stud- 
ied, specially in the nilpotent case, where they are called nilsolitons (see for example 
[5],[T2],[Il],[in],[IS]). In this case, Lauret proved many nice properties: they are 
the nilpotent parts of Einstein solvmanifolds, they are unique up to isometry and 
scaling and they are the critical points of certain natural variational problem (see 
the survey [H]). 

If G is solvable, metrics for which ([2]) holds are called solsolitons and have been 
recently characterized by Lauret in [TO]. It is proved there that any solsoliton is 
the extension of a nilsoliton by an abelian subalgebra of symmetric derivations 
of its metric Lie algebra. They are also unique in the sense that, among all left 
invariant metrics on a given simply connected solvable Lie group, there is at most 
one solsoliton up to isometry and scaling (see [TO]). 
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nilsoliton metric 


eigenvalue type 


rank 


(0) 


(i;i) 


1 


(0,0) 


(i;2) 


2 


(0,0,0) 


(i;3) 


3 


(0,0,12) 


(1<2;2,1) 


2 



Table 1. Nilsolitons of dimension < 3 



The aim of this paper is to approach the classification of solsohtons in low di- 
mensions. We first show in Section 3 that, given an n-dimensional nilsoliton N, the 
space of solsolitons which are extensions of N of dimension ?' + n is parameterized, 
up to isometry and scaling, by 

GTr{a)/W. 

Here a is a maximal abelian subalgebra of symmetric derivations of the Lie algebra 
of N, Grr(a) denotes the Grassmannian of r-dimensional subspaces of o and is a 
finite group. Thus for each < r < rank(iV) := dim(a), each nilsoliton N provides 
a family of (r + n)-dimensional solsolitons depending on r(rank(A'^) — r) parameters. 
The number rank(7V) , called the rank of N, is therefore the crucial datum to know 
on a nilsoliton if one is interested in classifying solsolitons. 

In Section 4, we compute the rank of all nilsolitons of dimension < 6 (see Tables 
1-5) . In most cases, we give in addition an explicit description of the coset Gr^ (a) /W 
as a real semialgebraic set (see [7] for a similar approach in the case of nilsolitons 
attached to graphs). All this allows us to present quite a detailed picture of the 
moduli space Sol{m) of m-dimensional solsolitons for any to < 6 (see Section 5). 
Finally, in Section 6, we make some remarks on negatively curved (sectional and 
Ricci) solsolitons. 

Acknowledgments: I would like to thank J. Lauret for his invaluable help and 
Comision Fulbright and CONICET for a three month fellowship when part of this 
research was done. 

2. Preliminaries 

Let 5 be a solvmanifold, that is, a simply connected solvable Lie group endowed 
with a left invariant Riemannian metric. We will identify S with its metric Lie 
algebra (s , (•, •)), where s is the Lie algebra of S and (•, •) denotes the inner product 
on s determined by the metric. If n is the nilradical of s (i.e. the maximal nilpotent 
ideal), consider the orthogonal decomposition 

s = a © n. 

S is called standard if [o, a] = 0. 
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N° 


nilsoliton metric rji 


eigenvalue type 


rank 


1 


(0,0,12,13) 


(1<2<3<4;1,...,1) 


2 


2 


(0,0,0,12) 


(2<3<4;2,1,1) 


3 


3 


(0,0,0,0) 


(i;4) 


4 



Table 2. 4-dimcnsional nilsolitons 



Definition 2.1. A left-invariant metric 5 on S* is said to be a solsoliton if 

(3) Ric(5) = cl + D, for some c e M, D e Der(s), 

where Ric(g) denotes the Ricci operator of g. 

Hence solsoHtons are natural generalizations of Einstein metrics (i.e. when 
D = 0). Einstein solvmanifolds have been studied by Heber who gave in jjBs many 
structural results. In particular, if S is an Einstein solvmanifold, he showed that 
there exists an element _ff G o such that the eigenvalues of a,dH\n are positive inte- 
gers without common divisors, say ki < ■ ■ ■ < kr with multiplicities di, . . . ,dr. The 
eigenvalue type of S is defined as the tuple 

(fc; d) — {ki < ■ ■ ■ < kri di, . . . , dr). 

We have that adiJ|n is a multiple of D in equation ([3|). 

When the group S is nilpotent, metrics for which ^ holds are called nilsolitons. 
They have been deeply studied by Lauret (see ^1]) who has proved, among others 
properties, that: 

• a given nilpotent Lie group N can admit at most one nilsoliton up to 
isometry and scaling among all its left-invariant metrics, 

• nilsolitons are precisely the metric nilradicals of Einstein solvmanifolds, 

• any Ricci soliton left invariant metric is a nilsoliton. 

By this uniqueness result we can associate to a nilsoliton the eigenvalue type of its 
uniquely defined rank-one Einstein solvable extension. 

We give in what follows a summary of Lauret's results we are using in our clas- 
sification on solsolitons (see [10]). Note that we have slightly changed the notation 
in [10] to be consistent with the one that is useful in this context. For any metric 
nilpotent Lie algebra (n, (•, •)), let sym(n) denote the space of symmetric transfor- 
mations of n with respect to (•,•}. 

It is proved in |10| that any solsoliton can be constructed, up to isometry and 
scaling, from a nilsoliton (n, (•, •)) and an abelian subalgebra of symmetric deriva- 
tions of n in the following way (see [ini Corollary 4.10]). 

Proposition 2.2. [lOJ Proposition 4.3] Let (n, (•,-)i) he a nilsoliton with Ricci 
operator Rici = cl -\- Di, c < 0, Di £ Der(n), and consider a any abelian Lie 
algebra of symmetric derivations of {xi,{-,-)i). Then the solvmanifold S with Lie 
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N° 


nilsoliton metric Xi 


eigenvalue type 


rank 


1 
1 




^0,0,312,413,314) 


y^L <^ ij <^ 11 ^ 10 ^ 10, 1, L) 


9 


2 




0, 0, 3^/^12, 3^/^13, 2^/2^4 ^ 2^/^23) 


(1<2<3<4< 5;1,..,1) 


1 


3 




0,0,0,2^/212,23 + 2^/214) 


(3 < 4 < 6 < 7 < 10; l,...l) 


2 


4 




0,0,0,0,12 + 34) 


(1<2;4,1) 


3 


5 




0,0,212,31/213,3^/223) 


(1< 2 < 3; 2, 1,2) 


2 


6 




0,0,0,12,13) 


(2 < 3 < 5; 1,2,2) 


3 


7 




0,0,0,0,12) 


(2 < 3 < 4; 2, 2, 1) 


4 


8 




0,0,0,12,14) 


(1< 2 < 3 < 4; 1,1, 2,1) 


3 


9 




^0,0,0,0,0) 


(i;5) 


5 



Table 3. 5-dimensional nilsolitons 



algebra s = a n (semidirect product) and inner product given by 

(•,-)|nxn = (■,■)!, (o,n)-0, {D,D)^-HvD^ VI? GO, 

is a solsoliton with Ric = cl + Dq, where Dq G Der(s) is defined by -Do|a = 0? 
^oln = Di — ad-ff In and H is the mean curvature vector of S. Furthermore, S is 
Einstein if and only if Di G a. 

Moreover, as in the case of nilsolitons, a given solvable Lie group admits at most 
one Ricci soliton left invariant metric up to isometry and scaling (see [TOl Theo- 
rem 5.1]. Therefore, to classify solsolitons we need to have first a classification of 
nilsolitons and for each one of them we have to study the subalgebras of symmet- 
ric derivations up to the action of the orthogonal automorphism group, since the 
equivalence among them is given by the following proposition. 

Proposition 2.3. [10, Proposition 5.3] Let (n, (•, •)) be a nilsoliton and let S and 
S' be two solsolitons constructed as in Proposition 12.21 for abelian subalgebras 

a, a' C Der(n) fl sym(n), 

respectively. Then S is isometric to S' if and only if there exists h G Aut(n) fl 
0((-, •)) such that a' = hah^^. 

Let II : M" x K" — > M" be a skew-symmetric bilinear form. If /i satisfies the 
Jacobi identity then it defines a Lie algebra (R",/i). We will denote by 

TV = { /i : M"xM" — s> M" : /i skew-symmetric, bilinear, nilpotent and satisfies Jacobi}. 

TV is often called the variety of nilpotent Lie algebras (of dimension n). If we 
also fix the canonical basis on R", {Xi, . . . ,X„}, and the inner product (■, ■) that 
makes this basis orthonormal then each fj, G Af define a metric nilpotent Lie algebra 
(R", fi, (•, •)). We wih say then that ^ G TV is a nilsoliton if (R", /z, (•, •)) is so. 

Nilsolitons metrics are classified up to dimension 6 (see [5] and [10] )■ They are 
listed in Tables [T] through [5l In these tables, an element /i G TV is represented as a 
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N° 


Nilsoliton metric : /Xi 


eigenvalue type 


rank 


X 


(^0, 0, (13) i 12, 4 13, (12) 3 14 + 2 23, 


(1 


< 


2<3<4<5< 7;1,...,1) 




I 




(12)^34+ (13)5 52^) 












9 




['0,0, 12, (|)H3, 14,34 + 52j 


(1 


< 


3<4<5<6<9; 1,..., 1) 




9 


q 
o 




[^0, 0,2 12, 65 13, 65 14, 2 15^ 


(1 


< 


9 < 10 < IK 12 < 13; 1,. 


•1) 


9 


4 




' 0,0, (22) 512,6 13, (22) 5 14 + (30) 5 23, 


(1 


< 


2<3<4<5< 6;l,...l) 




1 

1 




5 24 + (30) i 15 j 












5 


(0,0,7512,(f )il3,3 14, 


(1 


< 


3<4<5<6<7; l,...l) 




I 




(f )323 + 215') 












« 
u 




['0,0,12,13,23,14^ 


(1 


< 


2 <3<4< 5; 1,1,1,1,2) 




9 
z 


7 




^0,0,2 12,5513,5523,2 14- 2 25) 


(1 


< 


2<3<4;2, 1,2, 1) 




2 


8 




0,0,2 12,5513,5523,2 14 + 2 25j 


(1 


< 


2 <3 < 4;2, 1,2, 1) 




1 


9 




^0, 0, 0, (1)512, 14 - 23, (1)515 + 34) 


(6 


< 


11 < 12 < 17 < 23 < 29; 1, 


...,1) 


2 


10 




^0,0,0,12,(1)5 14,15 + 23) 


(4 


< 


9 < 12 < 13 < 17 < 21; 1, . 




2 


11 




0,0, -(#g)512, (#2)^12, (1^4)^14 


(1 


< 


2<3<4<5;1, 1,2, 1,1) 




1 




-(if)h3,(|)H5 + (1)^24) 












12 




0, 0, 0, 35 12, 35 14, 25 15 + 25 24j 


(3 


< 


6 < 9 < IK 12 < 15; 1,... 


,1) 


2 


13 




0,0,0,3512,2 14, 35 15) 


(2 


< 


9 < IK 12 < 13 < 15; 1,. 


-,1) 


3 



Table 4. 4 and 5-step 6-dimensional nilsolitons 



vector of n coordinates in such a way that 

/c^^-coordinate = cij + drl <^ n^X^, Xj) = cX^, ii{Xr, Xi) = dX^. 

1 1 

Hence, for example, (0,0,0,22 12,23 + 22 14) represents the 5-dimensional Lie 
algebra with Lie bracket given by 

^l{Xl,X2) = 25^4, A*(^2,^3) = ^5, M(^1,^4) = 2^X5. 

We will denote by d(ai, . . . , a„) the diagonal matrix with entries oi, . . . , a„, and 
more in general 

"Ml 

(4) d(Mi,...,M,) := 

Mr 

for matrices Mj e 0l(ni) such that ni H Vrir =n. 



3. General facts on the classification of solsolitons 

Let (M",/x) be a nilpotent Lie algebra. We fix the canonical inner product (•, •) 
on M" and denote by so(n), sym(n) and 0(n) the subspaces of skew-symmetric, 
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Nilsoliton metric : /ii 


eigenvalue type 


rank 


1 A 




0, 0, 0, 35 12, 2 2 13, 2 2 14 + 3535 j 


yZ, <- ^ \. \. U 0, 1,...,!^ 


9 
z 


1 ^ 

10 




0,0,0,12,23,14 + 35] 


1 <. Z <, , , Z , 1 ^ 


Q 
O 






0,0,0,12,23,14-35) 


1^1 \ z *\ 0,0, Z,l^ 


9 
z 


1 7 




} 1 1 \ 
0,0, 0,212, 3514,3224j 


1^0 lU iZ *\ lO, Z, 1, 1, ZJ 


Q 
O 






0,0,0,2312,2^513 + (|)542, 

,0,1 , „ 1 , \ 

(|)514 + 2~223j 


n <r^9^'^-9 9 9^ 


1 
1 






0, 0, 0, 2 12, 35 14, 13 + 3542 j 


yo U <^ 11 IZ ID *\ 1/,1,...,1^ 


9 
z 






0, 0, -12, 35 12, 2 14, 24 - 3 2 23 j 


yi. <. z <, o,z,z,z^ 


9 
z 


91 




0,0,0,2512, 13,2514 + 23) 


yO o < - D \. o \. y \ 11, i,...,ij 


9 
z 


99 




0,0, 0,(1)512,(1)213, 24j 


1^0 <. D <, y <^ 11 <, 10 lD,l,...,lj 


q 
o 


9^ 
zo 




0,0, 0,2512, 13, 2514^ 


yz o <- D \. ( \. o y,i,...,i^ 


Q 
O 


94 




0,0,0,12,13,23) 


(■] 9- Q Q^i 
1^1 z, o, 


Q 
O 


9"^ 
zo 




} 1 1 \ 

U, U, U, U, ^J-^, 0^ -LO -|- 2 0^ I 


1^0 o <^ y ^ lo <^ lo, 1, 1, z, 1, 1^ 


Q 
O 


9fl 
ZO 




0,0,0,0,12,15^ 


1^1 <. Z <, O ^ ^,1,1,0,1J 


/I 


27 




0,0,0,0,2^2,14 + 2^25) 


(3<4<6<7< 10; 1,1, 1,2,1) 


3 


28 




0,0,0,0, 13 + 42,14 + 23J 


(1 < 2; 4, 2) 


2 


29 




0,0,0,0, 12, 14 + 23) 


(3<4<6<7;2,2, 1,1) 


3 


30 




0,0,0,0,12,34) 


(1 < 2; 4, 2) 


4 


31 




0,0,0,0,12,13) 


(2<3<4<5;1,2, 1,2) 


4 


32 




0,0,0,0,0,12 + 34) 


(3 < 4 < 6; 4, 1,1) 


4 


33 




0,0,0,0,0,12) 


(2 < 3 < 4; 2, 3,1) 


5 


34 




0,0,0,0,0,0) 


(i;6) 


6 



Table 5. fc-step G-dimensional nilsolitons, fc < 3. 



symmetric linear maps on M" and the orthogonal group relative to (•,•), respectively. 
Let Gfj, denote the closed subgroup of automorphisms given by 

Gf, := {g e Aut(^) : 5* G Aut(^)}. 

Since Aut(/i) is algebraic, we have that is a real reductive group (see [HI Section 
2.1]) with Lie algebra 

fl^ = {A e Derin) : A* G Der(/x)}, 
and Cartan decompositions 

= K^exp(p^), 3f,^it,®pf„ 
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where 

Gf, n 0(n) = Aut(^) n 0(n), n so(n) = Der(/x) n so(n), 

0M ^ sym(n) = Dcr(/i) n syni(n). 

It is proved in [TO', Lemma 4.7]) that is precisely the space of derivations of 
(K",/^) which are normal (i.e. [D,D^] = 0). 

Let us assume from now on that (M", /i, (•, •)) is a nilsoliton. According to Propo- 
sition 12.31 the solsolitons associated with the nilsoliton /i are parameterized by 
abelian subspaces of p^^ up to conjugancy by K^. Let be a maximal abelian 
subalgebra of p^. Since is real reductive, it is well known that any abelian sub- 
space of p^ is K^-conjugate to a subspace of a^i (see [HI 2.1.9]). Moreover, any two 
subspaces of are K^-conjugate if and only if they are conjugate by an element 
of the Weyl group W^^ of G^ (see |5i Proposition 2.2, Ch.VII]), which is given by 

W^:=A^K,(a^)/ZK,(a^), 

where 

N^Mf^ — {5 e : Ad(.g)a^ C o^}, 

Zk, (o^) {g G : M{g)A = A, VA e a^}. 

We therefore obtain that the set of (r + n)-dimensional solsolitons associated 
with the nilsoliton is parameterized, up to isometry and scaling, by the coset 

(5) Gr,(a,0/W^^, 

where Grr(o^) is the Grassmanian of r-dimensional subspaces of o^. We note that 
< r < rank(/i), where rank(/i) :— dima^ will be called the rank of the nilsoliton 
[1. As is a finite group, the quotient Grr(a^)/W^^ depends on r(rank(^) — r) 
parameters. 

The aim of this paper is to compute the rank for any nilsoliton of dimension < 6, 
and also to give in most cases an explicit description of the quotient in ([S]). 

We finish this section by dealing with the cases that admit a simultaneous study. 
In the next section we will work out a case by case analysis of the remaining 
nilsolitons. 

3.1. Abelian nilsolitons. A first case that can be studied in general is the abelian 
case, that is, n — (R", /i) with /i = 0. We have that Der(O) — 0l(ri), and therefore a 
maximal abelian subspace of symmetric derivations can be chosen to be the set of 
diagonal matrices: 

po — sym(n) ao = {d(ai, . . . , a„) : G M}, rank(O) = n. 

Since Kq — 0(n), the action by conjugation on diagonal matrices contains all the 
permutations of the entries. Hence, for < r < n, the space of (r -I- ?i)-dimensional 
solsolitons is given by 

Gr,(M")/S„, 

where S„ is the permutation group of n elements. Note that the (n-l-l)-dimensional 
hyperbolic space M7J"+^ is an element of Grr(M")/Sn = PR"/S„ and is character- 
ized as the only point that corresponds to an Einstein metric. 
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metric 


Op 


dim. 


A2 


Rd(l,2,3,4,5) 


5 


Ml 


Rd(l,2,3,4,5,7) 


6 


fl4 


Md(l,2,3,4,5,6) 


6 


^5 


Rd(l,3,4,5,6,7) 


6 


MS 


Rd(l, 1,2,3,3,4) 


6 


Mil 


Rd(l,2,3,3,4,5)) 


6 


Mis 


Rd(l,l,2,2,3,3)) 


6 



Table 6. Rank-one nilsolitons of dimension < 6. 



3.2. MsLximal and minimal dimension solsolitons. If (K",/i, (•, •)) is a nilsoli- 
ton such that rank(//) = k, then 

Gro(a^) - {*}, Grfe(a^) = {*}. 

In other words, there is only one solsolitons — offin^ of dimension (k+n) associated 
to the nilsoliton /i, which is always Einstein (see Proposition 12.21) . and only one of 
dimension n, the nilsoliton itself, which is never Einstein unless fj, — 0. 

3.3. Rank-one nilsolitons. Another case we can study separately is when is 
one dimensional. Then 

Gri(a^) = {*}, 

that is, there is only one solsoliton associated to /i which is always Einstein. For 
dimension < 6 they are all listed in Tabled 

3.4. Multiplicity-free eigenvalue type nilsoliton. It is well known that skew- 
symmetric and symmetric derivations, as well as orthogonal automorphisms of 
(M", /I, (■, ■}), all commute with Ric^ (see [21 Lemma 2.2]). In this way, if fi is 
an nilsoliton, say with Ric^i = cId-|-D^, all the above mentioned operators also 
commute with _D^. Then if we fix /3 = {Xi, . . . Xn} a basis of eigenvectors of Dfj_ 
we get the following observation. 

Lemma 3.1. Let (M", yit, (■, •)) be a nilsoliton with eigenvalue type (fci < ••• < 
kr;ni, . . . ,nr). Then the elements in and in are diagonal block matrices of 
dimension ni, . . . ,nr, as m Q. 

Definition 3.2. An eigenvalue type of the form (fci < • • • < fc^; 1, . . . , 1) will be 
called multiplicity-free. 

If (R", /i, (•, •)) is a nilsoliton with multiplicity-free eigenvalue type, then the 
elements in are diagonal matrices and C d(±l, . . . , ±1). This implies that 
acts trivially by conjugation on and consequently, the solsolitons of dimension 
r + n are just parameterized by 

Grr(a^), < r < rank(/i). 

The multiplicity-free eigenvalue type nilsolitons of rank > 2 are listed in Table [3 
where the relevant information is given. 
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metric 




Einstein condition 


rank 


dim. 


VI 


(a, 6, a + 6, 2a + 6) 


2a = 6 


2 


4 


Ai 


(a, 6, a + 6, 2a + 6, 3a + h) 


9a = 26 


2 


5 


A3 


(a, b, 2a, a + b,2a + b) 


4a = 36 


2 


5 


M2 


(a, fe, a + b, 2a + b, 3a + 6, 3a + 26) 


3a = 6 


2 


6 


fJ-3 


(a, 6, a + 6, 2a + b, 3a + 6, 4a + 6) 


9a = 6 


2 


6 




(a, 6, 2a, a + 6, 2a + 6, 3a + 6) 


Ua = 66 


2 


6 


/ilO 


(a, 6, 3a, a + 6, 2a + 6, 3a + 6) 


9a = 46 


2 


6 


M12 


(a, 2a, b, 3a, a + b,2a + b) 


Ua = 36 


2 


6 




(a, b,c,a + b, 2a + 6, 3a + b) 


a/2 = 6/9 = c/12 


3 


6 




{a,b,2^,a + b,'^,2a + b) 


2a = 6 


2 


6 


M19 


(a, b, 2b, a + b,2a + b,a + 2b) 


6a = 56 


2 


6 


M21 


(a, b, 2a, a + b, 3a, 2a + b) 


5a = 36 


2 


6 




(a, b,c, a + b, a + c, a + 2b) 


a/6 = 6/5 = c/9 


3 


6 




(a, 6, c, a + 6, a + c, 2a + b) 


a/2 = 6/5 = c/6 


3 


6 



Table 7. Multiplicity-free eigenvalue type nilsolitons of rank > 2. 



3.5. Rank 3. It is easy to see that Grr(M'^) ~ Gr/j_r(M*^), for example, by assigning 
to an r-dimensional subspace of M.'' its orthogonal complement. Therefore, for 
a nilsoliton of rank k the space of associated (r + n)-dimensional solsolitons is 
isomorphic to the space of (fc — r + n)-dimensional ones, that is, 

Gr,(a^)/W^ ~Grfc_,(o^)/W^^. 

In particular, if the rank of (M", /j,) is 3, we only have to describe the space of (n+l)- 
dimensional solsolitons. In fact, there is only one {n + 3)-dimensional solsoliton, 
the Einstein one, and the space of (n + 2)-dimensional solsolitons is isomorphic, by 
the above observation, to the space of (n + l)-dimensional solsolitons. Moreover, 
we have that 

Gri(a^)^Pa^^PM^ 
where ¥V denotes the projective space of V. 

4. Case by case analysis 

In this section, we study the nilsolitons of dimension < 6 that are not included in 
Tables [6] or [71 For each one of these nilsolitons fi, we give a set that parameterizes 
the space of (n + l)-dimensional solsolitons with nilradical fi (up to isometry and 
scaling) by exphcitly describing Pa^/W^ (see dS])). 

Note that the nilsolitons we are studying have rank at most 5 and therefore it 
follows from what was explained in Sections 13.21 13.31 and 13.51 that this is the only 
case we need to consider for those of rank one, two or three. If the rank is greater 
than three, to have a complete parametrization of the set of solsolitons associated 
to fi, it remains to consider Gr2(o^)/Wp, but this is a problem that exceeds the 
scope of this paper. We hope to deal with it in a future work. 

We will denote by the Lie algebra (M",/i, (■, ■)), where (■, ■) is the canonical 
inner product we have fixed, and by aij the element of the symmetric group Sn 
that permutes Xi with Xj and fixes all other elements of the basis. 
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4.1. Nilsolitons of dimension 3. This case has been considered in [10] but we 

wiU include it again, for completeness. 

• t)3, the S-dimensional Heisenberg Lie algebra, given by (0, 0, 12) (see Table [IJ. 
Therefore 



Pf)3 



I :a,6,ceM}, K,,, = {d(iJ, det i?) : iJ £ 0(2)} , 



01,3 = {d(a, b,a + b) : a, 6 6 M} , 



W^[j3 is the group generated by {Id, 0-12}. 

The corresponding set Pafjg/W^tig of 4-diniensional solsolitons is parameterized by: 



(6) 



^ {{a,b) e : \a\<b} 



where, in general, S" is the n-dimensional sphere in R""*"^. 
Einstein condition: a ^ b. 

This correspondence assigns to each (a, b) e the solsoliton s 
where Lie bracket and inner product are respectinely given by 



a+b 



[X,,X2]=X3, [Xo,X,]^aX,, [Xo,X2]=bX2, [Xq, X3] - (a + 6) X3, 
{X„Xj) = for < i, J < 3, {Xo,Xo) = ^(a^ + b^ + ah). 



4.2. Nilsolitons of dimension 4. (see Table [2]) 

• ri2 (— i)3 © K^a) Derivations of 772 have been studied in 'W . 

= {d(A,c,trA)) : A e sym(2),c e R}, {d(i?, ±1, det i7) :iJG0(2)}, 

a,,2 = {d(a, 6, c, a + 6) : a, fe, c G R} . 
W^2 is the group generated by {Id, 0-12}. 

The corresponding 5-dimensional solsolitons are parameterized by: 
(7) 



~2 I / u \ ^ o2 c> a < 6, or 
5^1 ^ <{a,b,c) e S ■ 



c = lal < 6 



Einstein condition: a ~ b = 2 /5c. 
The above correspondence is given by 

(a, 6, c) M- K 



a+b 



n. 



where n = (R^, 772). 

The Lie bracket and the inner product of s are explicitly given by: 

[Xi,X2] = Xi, [Xo,Xi] = aXi, [Xo,X2] = bX2, [Xq,X3] = 0X3, [Xo,X4] = (a+b) X^, 
{X,,Xj) = S,,, for < i,j < 4, {Xo,Xo) = ^(a^+fe'+a^+y). 
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4.3. Nilsolitons of dimension 5. (see Table IS]) 
• A4 (5-dimensional Heisenberg Lie algebra). 



PA4 



a a 
Q b 



13 

fj a+b-c 



a, b, c,a,/3E 



B 



TU 1! 1 

\v —u\ 



ax^ = {d(a, 6, c, (2 + 6 — c, a + 6) : a, 6, c G R} , 



S(A) 



AeU(2)} 



ibeCwe denote by M(z) and M{z) = [l \] , 

then for any A=[llll]e U(2), T{A) and S{A) are the matrices in g[(4) given by 



where if for any z — a - 



T{A) = 



M{zi) M{Z2) 
M{zi) M{zi) 



S{A)^ 



M(zi) M(Z2) 
M{z3) M{zi) 



It is easy to see that by considering Ai ~ [iq] ^-^^d A2 — [q ^] then the element 
in corresponding to T{Ai) permutes a,b with c, d and the one correspond- 
ing to T{A2) permutes a with b and fixed c,d. Therefore W^^ is generated by 

{Id, cri2, 1734, CTi3Cr24}. 

It can be seen that any derivation d(a,b,c, a + b — c, a + b) is related under the 
action of W^^ to a multiple of an element in 

{d(a, b,c,a + b — c,a + b) : a > 0, 2c > a + b > 0, a > c > b} . 

Therefore, the set ¥a\^/W\^ of corresponding 6-dimensional solsolitons is parame- 
terized by: 



(8) 



^1 = {{a,b,c) e : a> 0, 2c>a + b>0, a > c > b} , 



where the correspondence is given by (a, 5, c) d(a, b, c, a + b — c, a + b) . 
Einstein condition: a ^ b ^ c. 

Remark 4.1. As rank(A4) = 3, the set 'S2 also parameterizes Gr2(aA4)/WA4, the 
space of 7-dimensional solsolitons with nilradical A4. 

• A5 (free 2-step nilpotent Lie algebra with 3 generators) . 

Pa. = {d([S?],a-)-6,[2"+\+"2,]), : a,b,aeR}, «a. = {0}. 
So we can choose 

qas = {d(a, b,a + b,2a + b,a + 26), : a, 6 S M} . 

It is easy to see that by acting with A = d([5 J] , —1, "^^j) £ Kas, we can 
permute a with b. The corresponding 6-dimensional solsolitons are parameterized 
by d\ (see 0). 
Einstein condition: a — b. 



• Ar 



d(a, 



"fc /?■ 




' a+b 13 




7 


P a+c 



a,b, c,/3 e r| 



OAs = {d(a, 5, c, a 6, a + c) : a, 6, c e M} , Ka^ = {d(e, H, eH), H e 0(2), e = ±1} . 

The corresponding 6-dimensional solsolitons are parameterized by: (c, 5, a) G 
(see 0). 

Einstein condition: ^ a = b — c. 
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• At (~ f)3 ® KX3 ®MX4). 

Pxr = {d([2fc], [;^] .a + b): a, 6, c, d, a, /3 G m} , 
Kx-, = {d{Hi,H2,deiHi), Hi e 0(2)}, = {d{a,b,c,d,a + b) : a,b,c,de. 

: group generated by {Id, cri2, CT34}. 
The corresponding 6-dimensional sohtons are parameterized by: 

/,^\ ^3 f/ 7 IN ri3 a > 0, a > 6, c > d, or 

(9) t,^[ia,b,c,d)eS': „ ^ , ^ qT c > Ml 

Einstein condition: a = 6, c = d, 3a = 2c. 

• As (~ 771 ©RXa). 

flAg = pAg = {d(a, 6, c, a + 6, 2a + b) : a, &, c G M} , C d(±l, . . . , ±1) 



The corresponding 6-dimensional solsohtons are parameterized by PR'^. Recall that 
PR'' can be parameterized as 

td>to3 f / ^ ^ c2 2:3 > 0, or 

where S'" is the n-dimensional sphere in R"+^ and PR^ is seen as in (ITUl) below. 
Einstein condition: 2a — b — |c. 

4.4. Nilsolitons of dimension 6. (see Tables [5] and HJ 

Ppe = {d(a, b,a + b,2a + b,a + 2b, 3a + 6), a, 6 G R} , 
K^, Cd(±l,...,±l). 

The space of corresponding 7-dimensional solsolitons is parameterized by PR^, that 
can be seen as 

(10) PR2 ^ {{x, y) e : y > 0, X > -1}. 

Einstein condition: 2a — b. 

Remark 4.2. As we shall see, although fij and /ig are very similar, p^., is completely 
different from p^g (see Table IH]). In particular, p^^ has non-diagonal elements (with 
respect to our fixed basis) but p^g does not. The same holds for /Z15 and /iig. 

a^, = p,„ = {d([- ^] ,2a, [3- ,4a) : a,6 G R} . 

K^, = {d{A,e,eA,e):e^detA,A^ [±i1)']}- 
The corresponding set of 7-dimensional solsolitons is parameterized by PR^ . 
Einstein condition: 6 = 0. 

• /ii5. For simplicity we will change the basis to (3 — {Xi, X3, X2, X4, X5, Xg}. 
We then get that 

a^,. - Pm5 = {d([? , 6, [^+^ , 2a + 6) : a, 6, c G R} . 
It is not hard to see that the action of K^^^ can at most permute c with — c (that is 
a + c with a — c) and this can be done by acting with A = d([ i'j J] , 1, [? V] ' ~1) ^ 
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The corresponding set of 7-dimensional solsolitons is parameterized by: 
(11) 

Einstein condition: a ~ b.c — 0. 



T.2 ] / , \ r- q2 a > 0, c > 0, or 



• /ii6- As in the previous case, we will change the basis to /3 to get nicer matrices. 
In this way we get that 

<^tiiB = Pmi6 = {d(a, a.b, a + b, a + b,2a + b) : a, 5 G M} , 

K^,, = {d(i7i,±l,772,±l) : e 0(2)}. 
The corresponding set of 7-dimensional solsolitons is parameterized by PE^. 
Einstein condition: a = b. 

Pm. = {d{['',t],c,a + b,[^'^+\^,,]):a,b,c,deR}, 



a 



V-17 



{d(a, b,c,a + b,2a + b,a + 2b) : a, 6, c G M} . 
K^i, = {d(A,±l,e,eA) : A e 0(2), e = detA}. 



The corresponding set of 7-dimensional solsolitons is parameterized by (see ([7])). 
Einstein condition a = b = j^c. 

• M20- 

0^20 = = {d(a, &, a -I- &, a -I- &, 2a -I- 6, a -I- 26) : a, 6 e M} . 
A straightforward calculation shows that one can permute a with b by acting 
with 

i ^ 1 r 



1 



A = d([/] 

The corresponding set of 7-dimensional solsolitons is parameterized by ^\ (see ([S])). 
Einstein condition: a — b. 

• fJ-24: (free 3-step nilpotent Lie algebra with 2 generators). 



Pm24 = <^ d( 



a b c 
b d e 
c e f 



a+d e —c 
e a+/ b 
-c b d+/ 



) : a,b,c,d,ej G 



0^2^ = {-D(a, &, c) = d(a, 6, c, a + 6, a + c, 5 + c) : a, 6, c e M} . 
It is known that K^^^ ~ 0(3) and from this we can see that the corresponding set 



of 7-dimensional solsolitons is parameterized by 
realized as 

7-2 // . \ ^ c2 b>0,a>b>c,or 
(see also [5]). It will be Einstein if and only if a = 6 = c. 



/S3. This set can be explicitly 



• M25- 



{d(a,6, 



fl 2a+b-c 



,a + b,2a + b) ■.a,b,c,l3e K}, 



0^25 = {d(a, 5, c, 2a + 6 — c, a -I- 6, 2a + 6) : a, 6, c e M} , 

K^^^ = {d{v, e, 7J, ej/, e), H e 0(2), e = det H,iy = ±1} . 

The corresponding set of 7-dimensional solsolitons is parameterized by PM'^. 
Einstein condition: a/5 = 6/8 = c/9 
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Pa'26 = {d(a, b, C, d, e) : a,b,d,e eR,C e sym(2)}, 



K 



A126 



= {d(a, b, c,d,a + b, 2a + b) : a, &, c, d G M} , 
{d(e, i/, H, £v, v), H e 0(2), e ^ ±l,v ^ ±1} . 



26- group generated by {Id, 1T34}. 
The corresponding set of 7-dimensional solsolitons is parameterized by (see ([7])): 



(12) 



(a,6,c,d)e53 



a > 0, c < d, or 



• a = 0, (c, d, &) G J2 
Einstein condition: 6a = 36 = 2c = 2(i. 

./i27 AgeMXg). 

= Pm(M27) = {d(a, fe, c, 2&, a + 6, a + 26) : a, 6, c £ M} , K(^27) C d(±l, , 

The corresponding set of 7-dimensional solsolitons is parameterized by P] 
Einstein condition: 4a = 36 = 2c. 



,±1). 



d( 



B 



B 



t b 



,a + b,a + b) : B 



a f) 
-0 a 



,a,b,a,(3 e 



— {d(a, a, 6, 6, a + 6, a + 6) : a, 6 G 



The group Aut(/i28) has been calculated in [iBj, although it is easy to see that 
we can interchange a with 6 (the only possible permutation) by conjugating by 



A 



The corresponding set of 7-dimensional solsolitons is parameterized by ^\ (see ([6])). 
Einstein condition: a — b. 



fJ'29- 



{d([S , [ ^'^^ b+c^ J , a + 6, 6 -I- c) : a, 6, c,a G R} , 
, = {d(a, 6, c, c — a + 6, a + 6, 6 + c) : a,b,c £ R} , 



K„ 



^M2a-{d([?S],[^^],e,l):i?= [^^] eO(2),£ = deti/} 

The corresponding set of 7-dimensional solsolitons is parameterized by . 
Einstein condition: a = 6, 4a = 3c. 

• A*30 (^ fl3 ffi f)3)- 

Pm3o = {d([S?], ,a-|-6,c + d) :a,6,c,d,a,/3GM}, 



a 



A130 



{d(a, 6, c, d, a -f 6, c -I- d) : a, 6, c, d, G . 



K' 







{d(iJi,i?2,£i,£2) : H, G 0(2), e, = det iJ, i = 1,2}. 



In this case there is another orthogonal automorphism that act non trivially on 
subspaces of a given by 7J = d( [ ^, ^ ] , _ff') where H' ~ [10], and therefore we 
get that Wfi^g is the group generated by {Id, cri2, o'34, cri3(J24}. It is easy to see that 
M.'^/W^rif, can be parameterized by 



(a, 6, c, d) G 



: a > b,c > d 



a + b > c + d OT 
' a + 6 = c + d and a > c 
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Hence, the corresponding set of 7-dimensional solsolitons is parameterized by 
= {{a,b,c,d) e r\T) : a> 0,a + b>0, ifd, c + d<0 then a > \d\} . 
Einstein condition: a = b ~ c — d. 

p^3, = {d(a, [ ^ 2 ] , d, [ -+\^ J ) : a, &, c, d, a G R} , 
a^3j = {d(a, 6, c, d, a + 5, a + c) : a, 6, c, d, G M} , 
K^3i = {d(e, iJ, ±1, eH), H e 0(2), e = ±1} . 
W^3i : generated by {Id, CT23}- 

The corresponding set of 7-dimensional solsohtons is parameterized by: (a, d, 6, c) G 

(see 

Einstein condition: 4b — Ac — 6a — 3d. 



^32 (~ A4 ©RXs) (see A4). 



= d( 



a a 
Q b 



P a+b-c 



,d,a + b) : a,b,c,d,a, l3 eM., B = \ ] 



a^32 — {d(a, b, c, a + b — c, d, a + b) : a,b, c, d, G M} . 

Concerning K^g^ we can use the information we have from A4 to obtain that the 
corresponding set of 7-dimensional solsolitons is parameterized by: 



(a, 6, c, d) G S*^ 



d > 0, a > c > 6, 2c > a + 6, or 
d = 0, (a, fe, c) G 5i 



Einstein condition: a ^ b ~ c = |d. 

. /^33 (- f)3 ® (R^3 + R^4 + R^5)). 

p^33 = {d{A,B,tTA) : A G sym(2),B G sym(3)} , 
a^33 = {d(a, b, c, d, e, a -I- 6) : a, b, c, d, e G R} , 
K^33 = {d{Hi,H2,e) : i/i G 0(2),i/2 e 0(3),e = detHi}. 
The corresponding set of 7-dimensional solsolitons is parameterized by (see [9]): 



= \ {a,b,c,d,e) G S"* 



e > 0, a > &, c < d < e, or 
e = 0, (a, 6, c, d) G S^f 

Einstein condition: 3a = 36 = 2c = 2d = 2e. 



5. The space of m-DIMENSIONAL SOLSOLITONS 

We now describe the space of solsolitons for each dimension < 6, by using the 
information we have obtained in the previous sections. Let — (M",/i) denote a 
metric nilpotent Lie algebra as in Sections 3 and 4 (recall that we have fixed a basis 
and an inner product on M"). Hence we may denote as 

Nil{n) — {n^ = (R",/i) : /i is a nilsoliton} 

the moduli space of nilsolitons of dimension n up to isometry and scaling. 
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According to Proposition 12.21 and (O we have that Sol{m), the moduh space of 
m-dimensional solsohtons (up to isometry and scahng), is given by: 

Sol{m) ^ IJ {a®n^: o G Gr™_„(a^)/py^}, 

^ G Nil{n) 
m > n > m/2 

where GTr{af_t) is the Grassmanian of r-dimensional subspaces of (a maximal 
abehan subspace of symmetric derivations of and aQn^^ is the (metric) solvable 
Lie algebra constructed in Proposition 12.21 Recall that m — n < = rank(/i) = 
dim(o^). 

We note that each ^ G Afilim) is a point in Sol{m) and the same holds when 
m ^ kf^ + dimn^, that is, there is a single point © in the space of solsohtons 
of dimension k^ + dimn^ which is always Einstein (see Section [3. 2p . 

More explicitly, we can see this moduli space as 

Sol{m)^mim) U U Gri(a^)/iy^ U |J Gr2(a^)/W^^ 

fj.eN'ilim-l) M e AA«(m - 2) 

fcj, > 2 

U---U y Gr,(a^)/W^^ U---U |J Gr,(a^)/W^ 

fi £ J\fil(Tn — r) fi £ J\fil(m/2) 

> r kf_t — m/2 



for m even. For m odd, the same expression holds bnt without the last union. 
We therefore get that: 



Sol{2) = {m2} u{(aR®M)}, 










Sol{3) - {fl3,K'} U y}(M2), 










Sol{A) = {r,i,r,2,R4} U d\{i)3 


) u myss] 


)(R^) 


U {aR2 ® 


.R2}, 


Sol{5) = {Ai,...,A8,K^} UPI 




)U(] 


PR4/S'4)(R 


4)U{Oh3®()3}U52(jj3) 


Sol{6) = {^i,...,/X33,K^} U I 


pr2(Ai) u pi 


'(A2) 


U PR2(A3; 


) U dl(Xi) U SliXs) 


u;??(A6) U dliXr) U PM3 


(As) U (PRV-^ 


'5)(R 


.^) U {a^, 6 




U(Gr2(R4)/54)(M4) U {o, 


R3 ®R'}, 









where to distinguish among them we have added the metric to the notation. In this 
way, for example, PM^(Ai) denotes the set PK^ that parameterize the solsohtons 
associated to Ai in the corresponding dimension. We note that ^j{fJ.) is a real 
semialgebraic set and dim {^) = j. 

Moreover, with the results we have obtained in Sections 3 and 4, one can describe 
Sol{7). It is given by the union of the following: 

• one point for each element of Afil{7); 

• six points coming from the 6-dimensional nilsolitons from Table IH eight 
copies of PR^ and three copies of PR'^ coming from the 6-dimensional al- 
gebras in Table [71 and the one-dimensional extensions of the elements in 
Mil{6), described in Section 4; 
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• three points corresponding to AijAs and A5, 5^|(A4), ^l{Xe), PR'^(A8), 
(Gr2(M*)/W^A,)(A7) and (Gr2(R5)/55)(M'); 

• one point corresponding to r]2 and (Gr3(R^)/5'4)(M'*). 

We note that in this union not everything is exphcitly described. Indeed, on 
the one hand we have Afil(7) which, as far as we know, has not been completely 
classified yet. On the other hand, for r > 0, besides from the abelian cases, there 
is just one set which is not explicitly described in this paper: (Gr2(R'')/WA7)(A7). 

6. On negatively curved solsolitons. 

To conclude we will make some remarks on the curvature of solsolitons. Recall 
that for each nilsoliton /x G Nil{n) and each 1 < r < fe^ = rank(/i), we have a 
family X^^r of solsolitons obtained from as in Proposition 12.21 Moreover, this 
family is parameterized, up to isometry and scaling, by 

X^^r = Gr,(a^)/VK^. 

We then have that X^^r C Sol{m) where m — r + n, and since is a finite 
group, this quotient inherits many of the properties of Grr(a^t). In particular, ^^,r 
is always connected and compact. Recall that if rank(/x) — 1, there is only one 
solsoliton associated to /i (up to isometry and scaling) and therefore X^^i is just a 
single point, as it always happens for X^^k^ ■ 

Remark 6.1. Since a solsoliton s = a © G X^.r is Einstein if and only if _Di G a 
(see Proposition [221), then for 1 < r < fc^ the set of non- Einstein solsolitons is open 
and dense in X^^r- 

Remark 6.2. Let Sq G ^/i,r be an Einstein solvmanifold with sectional curvature 
< 0. By continuity, if s G is sufficiently closed to So then < a.s well. 
The classification of Einstein solvmanifolds with non-positive sectional curvature 
of dimension < 6 is given in |13j . It is proved there that the Einstein solvmanifolds 
with negative sectional curvature of dimension < 6 are the symmetric spaces WH^ 
and CH^ and the Einstein one-dimensional extensions of Ag and A7 (see [131 The- 
orem 2] and TablelSj. Let us look at Ag, for example. We have that rank(A6) = 3 
and ^Ae.i — 5^1 (seelll), and therefore around Sq = M.Di © tiAg G ^Ae.r we get a 
2-dimensional family of 6-dimensional non-Einstein solsolitons with < 0. 

Remark 6.3. We can apply the same argument to the Ricci curvature. In fact, if 
So G Xfj^^r is Einstein then Ric^g = cid < and therefore Ric^ < for any s G Xf^^r 
sufficiently close to Sq. 

On the other hand, if A G is orthogonal to Di then s^i — RA©n^ G X^^i does 
not have negative Ricci curvature. Indeed, it is easy to see that {Di,A) = implies 
that Ricj^ln^ = Ric^ and therefore Ric^^ has both signs. Note that therefore 
Sa has not negative sectional curvature either. The same holds if a C is a 
subspace orthogonal to Di. For the existence of these orthogonal subspaces we 
need rank(/i) > 1. 

Summarizing, if 1 < r < rank(/i) then there are always some solsolitons in ^p,r 
with negative Ricci curvature and others with positive and negative directions for 
the Ricci tensor. 

Remark 6.4. For /i = and r — 1, the Einstein solsoliton corresponds to the real 
hyperbolic space RiJ"+^, which is a symmetric space of constant negative sectional 
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curvature. According to the above observations, in Xo,i = PM"/S'„, there are 
famihes depending on n — 1 parameters of non-Einstein solsolitons with Kg <0 as 
closed as one wishes to MiJ"+^. 
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